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A ship is said to be dynamically stable on a straight
course or in a turn of constant curvature if, when slightly
disturbed from its steady motion, it will soon resume that
same motion along a slightly shifted path without any cor-
recting control being applied. A ship which is dynamically
unstable in straight line motion cannot maintain straight
line motion without any control action. However, with re-
gard to maneuverability, a ship which is too stable will not
turn as tightly as a less stable ship so that a highly stable
ship may compromise maneuverability.
So a ship having at will the behavior of a dynamically
stable or unstable ship is of potential importance.
In Reference 1 the stability and maneuverability of five
different ships was studied. From those five ships (models)
,
model A (stable ship) and model C (unstable ship) are selected
for study in this thesis.
The stabilization of the unstable model C with the use
of the rudder is considered. Then the behavior of the, so
called, stabilized model C as compared with that of the
stable model A under a variety of (same) conditions is
studied in order to get its characteristics and see if and
under what conditions that system is realizable.
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II. EQUATIONS OF SHIP MOTION
The motion of a ship is that of a rigid body with six
degrees of freedom, subjected to gravity, buoyancy and con-
trolling forces. With axes fixed to the ship and parallel




- (ml?) = mtf + ^x(mu) (1)
M = t-tt (Angular momentum) = (Ang. Mom) +
* *- (2~)
+
_\l x (Ang. Momentum) *> -*.
where
m = mass of ship
= ui + vj + wk = linear velocity vector with
components along x, y, and z axes respectively
u = rate of surging
v = rate of swaying
w = rate of heaving
fi = pi + qj + rk = vector angular velocity with
components about x, y, and z axes respectively (3)
p = rate of roll = <f>
q rate of yaw = 8
r -= rate of pitch = ty
? = Xi + Y^ + it. = vector force acting on the
ship (4)
X = hydrodynamic force along x-axis
Y = hydrodynamic force along y-axis
14

Z = hydrodynamic force along z-axis
M = Ki + Mj + Nk = vector moment acting on the
ship (5)
K = rolling moment about x-axis
M = pitching moment about y-axis
N = yawing moment about z-axis
(Angular Momentum) = I Ypi + I voj + I rk (6)
I ,1 ,1 = mass moment of inertia about x, y, and
z axes respectively.
The coordinate system where the above quantities are re-






Figure 1. Coordinate System Fixed to the Ship.
Inserting equations (3), (4), (5), and (6) into equations




X = m[u + qw - rv - xG (q
2 +r 2 ) + yG (pq-r) + z G (pr+q)]
Y = m[v + ru - pw - yG (r
2
+p 2 ) + z G (qr-p) + xG (qp+r)] (7)



































x)pq + m[xG (v+ru-pw) - y Q (u+qw-rv)
In Equations (7) and (8) , the left hand sides represent
the forces and moments acting on the ship while the right hand
sides represent the dynamic responses. The forces and moments
acting on the ship depend on the geometry of the hull, the
motion and the fluid. Since the properties of ship and fluid
are constant for a given ship in a given fluid without ex-
citation forces, the forces or moments may be expressed as a
function of the motion,






6,6, 6, etc) (9)
where x
, y , z represent a system of reference axes fixed
o J o ' o
to the earth and
x ,y ,z , <J> , 9 , ¥ = orientation parameters
o
'
J o ' o
u,v,w,p ,q ,r ,u, v,w,p ,q ,r = motion parameters
6,6,6 = control surface parameters
Considering motion in unrestricted calm water only three
degrees of freedom are of concern: yaw, sway, and surge. So
forces and moments are independent of the change in orienta-
tion with respect to the earth axes.
Furthermore since the forces and moments produced on the
ship as a result of 6 and 6 are normally negligible, and
16

because the motion is considered to take place on the horizon-
tal plane for the surface ship in calm water, (p = q = w = 0)
equation (9) becomes:
f (or M) = f (u,v,r,u,v,f,S) . S (10)
Most ships have yG = 0. Equations (7) and (8) may be
written as




N = I r + m[Xp(v+ur) ] .








(u, v,r ,u, v,r, 6)
• • • • •









© \ III. DYNAMIC STABILITY OF THE SHIP
Dynamic stability is directly related to the magnitude
of yaw and sway deviations caused by small disturbances.
A. LINEAR EQUATIONS OF SHIP MOTION
In order to linearize the equations of motion about an
initial equilibrium condition the Taylor expansion of the
X, Y, and N functions is used. Components of the series ex-
pansion higher than the first order are discarded. This is
consistent for the motion on a straight path, because motion
stability determines whether a very small perturbation from
an initial equilibrium position is going to increase with
time or decay with time. And for very small perturbations
the terms higher than the first order are negligible.
The following assumptions are made too:
f - 4 i v - o
(1) The water is calm and so the motion is restricted
to the horizontal plane only.
(2) Yaw and sway do not affect the forward speed ap-
preciably, and small changes in forward speed do not affect
yaw and sway motions so that the surge equation is decoupled,
(3) The ship has one rudder at the stern along the
centerline and the effect of the propeller is disregarded.
(4) The forces and moments on hull and rudder are ex-
pressed by means of velocity and acceleration derivatives.
From equation (10) we have: '
X=X +XAu+XAv+XAr+ X-Au + X-Av + X X A6.
--.ou v r u v 6
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Since in initial equilibrium
v^ = r„ = ti = v = r = 6 n = 0, theno o o o o o
Av = V - v
o
= V






















Ar = r r —' r




X=X +XAu+Xv+Xr+ X«u + X»v + X«r + X.6 (13)ou ruvrS^-*
and likewise,
Y=Y +YAu+Yv+Yr+ Y«u + Y«v + Y«f + Y~6 (14)ou v r u v r 6 *• J




, and N are the values of the initial equilibrium
o' o' o M
conditions
.
In the initial equilibrium conditions of straight ahead
motion at constant speed, there are no forces acting on the
ship. Hence X = Y = N =0. Furthermore, since the ship^ooo ' r
is symmetric about the x-z plane:











4 u + X-u
u
Y=Yv+Yr+ Y«v + Y-r + Y x 6 (16)v r v r 6 v J
N=Nv+Nr+ N«v + N«f + N x 6 .v r v r 5
In order to be consistent before we combine equations
(11) and (16) wc must linearize the right hand parts of
19

equations (11) too. So for the X equation we have,




and dropping second order terms we have,
X = mAu = mu. (17)
Likewise
Y = m(v+ru +x r r) (18)Ob
N = I f + mxr (v+ru ). ' (19)
z G v o J K J
Combining now equations (16), (17), (18), and (19) we
have
:







-muQ )r + Y fi 6 = (21)
(N^-mx
G
)v + Nyv + (N--I 2)f + (Nr -mxGuQ )r + K & 6 = 0. (22)
For convenience equations (20), (21), and (22) are non-
dimensionalized. Equations (20) and (21) have dimensions
of Force, so we divide both sides by %pLHU 2 . Equation (22)
has dimensions of Moment, so we divide both sides by %pL 2 HU 2
Above
p = density of ship
L = ship's length
H = ship's draft
U = ship's speed.
That gives
(X>-m')u* + X Au = (23)
^ u u
v J
(Y.'-m')v' + Y v*+ (Yl-m'x')f' + (Y'-m'u')r' + Y'6 = (24)^v" v K r G J v r o o vy
(N.'-m 'x ')v'+ N'v'+ (N.'-I')f' + (N ' -m'xiu ' ) r ' + N x 6 = (2 5)





' W v ' " V • »' " tPTT • ui " 7 = 1
I • X
T , _ z , _ r •, r , Gi
z ~ W*H" * r U7T' r IPTL 2 ' XG L
Y. N. Y Y
vi = 6 M» = - Y* = - Y« = r „1
& JgLHU2 » 6 %pL2HU2 ' v %pLHU ' r %pL 2 HU
N N Y N
M' = Y. N 1 = X- YI = V M] = v „




(24) , and (25) the dimensionless time
is defined as:
f-?t.
B. DYNAMIC STABILITY WITH FIXED CONTROL
Solving the cross coupled differential equations (24)
and (25) with the rudder fixed at 6 = , we obtain:
a^t' a.t 1
v 1 ft') = v
±




a..t' a 9 t
T





























A= (Y^-ni')(NM') - CY--m»xJ)(N^-m»xJ) (30)
B = (Y|-m')(NNm'x^ - Y^(N^-I') -
(31)
N;(YJ.-m'x£) - (Yj-m')(NJ-m'x£)
C = Y'CN'-m'x') - N'CY'-m'). (32)
v r G v r
From equations (26) and (27) we see that for a- <
(and because a. > a~)
:
lim v' (t«) =
t»-»-oo
and
lim r* (f) = 0.
I£ a.. > then lim v'(t') f and lim r'(t') f which
t ' -*-00 t ' ->°°
means that the ship is dynamically unstable in straight line
motion. The root a., is called "the stability index."
In Appendix A the principal characteristics of a five
foot Series 60 model of the Davidson Laboratory are listed.
In Reference 1 that model was modified to give five other
models (A, B, C, D, E) the stable, marginally unstable, un-
stable, very unstable and extremely unstable.
Models A and C are selected for this thesis. The hydro-
dynamic derivatives for those two models and the roots of
their characteristic equations are listed in Appendix A.
C. NONLINEAR EQUATIONS OF MOTION
The linear equations developed in the previous section
are not valid for large rudder angles. So in order to predict
the performance of a dynamically unstable ship as well as to
22

get realistic predictions of maneuvers with large rudder
angles, the nonlinear mathematical equations are needed.
The complete Taylor expansion of equation (12) with
terms up to the third order is as follows for X with similar
expressions for Y and N.
X = X +[XAu + Xv + Xr + X«u + X-v + X«f + X-6] .,", T -





v2 + ••* + V* + 2XuvAuv + 2XurAur
+ •*• + 2Xr6^ + JT XuuuAu3 + Xvvvv3 + •*• + his 6 '
+ 3X Au 2 v + 3X Au 2 r + ••• + 3X«^.r6 2 + 6X Auvr
uuv uur r66 uvr
+ 6X *Auvu + ... + 6X*« r vr6 (33)uvu vr6 * i





Y = X v X y - o X
uu u ' 66 ' 962 »
A
uv ~ 3u9v
Y = - ft Y = ^LX ptr
uuu du* ' uur dvFdr '
Terms higher than third order are not included in equa-
tion (33) because the accuracy is not significantly improved
by their inclusion. Furthermore [Ref. 2]:
1. Cross coupling terms such as X vAu, X rAu, X~ 6Auv B vu ' ru ' 6u
and so on, involving odd powers of v, r, 6, v, r are negligible
2. Cross coupling terms such as X v 2 Au, X r 2 Au and sor b vvu ' rru
on, involving even powers of v, r, 6, are nonzero. However
the values of the derivatives for the models used in this
thesis are zero (Appendix B).
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3. Even terms in v, r, 6, v, and r in the Y-force and
N-moment equations are eliminated due to symmetry.
4. Cross coupling terms between acceleration and ve-
locity are neglected.
5. Rudder force and moment derivatives of higher than
first order, and effects of rudder angular rate are negligible.
Combining equation (11) with the Taylor expansions for
X, Y, N and taking into account the above assumptions, we
have
:
(m-X^)u = fjCu.V.r.e) (34)












f..(u,v,r,6) = X + X Au + |x Au 2 + i-X Au 3!<•»»* » o u 2uu 6 uuu
+ ix v 2 + ( i-X +mxr )r 2 + ix_»5 22 vv *• 2 rr G^ 2 66
+ i-X v 2 Au + i-X r 2 Au + i-X.. 6 2 Au
2 vvu 2 rru 2 66u
+ (X +m)vr + X x v6 + X .r6 + X vrAuv vr * v6 r6 vru
+ X - v6Au + X . r6Au (34a)
v6u r6u v
f (u,v,r,6) = Y + Y au + Y Au 2 + Y v + \x v 3
2 v ' ' ' J o u uu v 6 vvv
+ J-Y vr
2
+ ly x ,v6
2
+ Y vAu
2 vrr 2 v&8 vu
+ h vA u 2 + Y^6 + J-Y...5 3




+ i-Y. 6r 2 + Y. 6Au
2 6vv 2 6rr 6u
+ h





(u,v,r,6) = NQ + NuAu + NuuAu
2
+ Nyv
+ hi v 3 + hi vr 2 + hi ,.v6 2
6 vvv 2 vrr 2 v6 6
+ NyuvAu + |NvuuvAu 2 + (Nr -mxGu)r
+ Jn r 3 + hir rv 2 + hi xx t6 26 rrr 2 rvv 2 r66






+ Krr 6r2 + N6u6Au ' < 36a )
The above equations have been developed in dimensional
form. The equations are equally valid in nondimensional form
with the stipulation that the velocity used for the nondimen-
sionalization should be the velocity at any time t, rather
than the initial velocity. For further simplification the
nondimensionalizing velocity in the nonlinear equations is
taken as u(t) rather than U(t).
The hydrodynamic derivatives of the second order for the
nonlinear equations are listed in Appendix B.
Solving equations (34) , (35) , and (36) for the accelera-

































v z r G v G r
Integrating the above equations we get
-t'






r 1 (t 1 ) = / r'Ct^dt'
o
Y(t') - I r' (t')dt*
So far the reference axes x, y, and z are fixed to the
moving ship. In order to determine the path of the ship it
is necessary to take the reference axes x and y fixed toJ o '
o
the earth as shown in Figure 2.
Referring ship's velocities (x,y) to the new coordinates
we have
:
X ft} u(t)cosY(t) - v(t)sinY(t) (40)
y ft] = u(t)sinV(t) + v(t) cosY(t) . (41)
Integrating
XQ (t)









Figure 2. Orientation of Fixed and Moving Axes.









X X V V
x' = -T , x 1 = -n- , y' = -r » y a it and t' = t rU U
we get
x'(t') = u' (t*)cosy(t') - v* (t)sinnt')




















IV. STABILIZATION OF THE DYNAMICALLY UNSTABLE SHIP WITH
RUDDER CONTROL. SIMULATION .
In order to study the behavior of the two ships, both
the linear and nonlinear equations^ presented in chapter III,
are used. For the case studied in this thesis the ship can
be modeled as a transfer function which has as an input the
rudder deflection and as an output the heading (¥) of the
ship.
The rudder can be used to stabilize the unstable ship.
It can be deflected according to any measureable parameter -
within the limits of the rudder system - which results in a
signal capable of activating the rudder.
Ship's heading (¥) and its first and second derivatives
(r and r) are available in real life, even though consider-
able noise is present in measuring the second derivative (r)
.
So any combination of those variables such as
s(t) = CT(t)
s(t) = Kr(t)
s(t) - K^(t) + K
2
r(t)
s(t) = K^rCt) + K
2
r(t)
and so on, can be used (at least theoretically) to construct
the control signal necessary to activate the rudder and sta-
bilize the dynamically unstable ship.
In order to have a reference and make comparisons and so
investigate if the whole system is realizable, the dynamically
28

unstable ship is stabilized and its behavior forced to ap-
proach that of the stable ship.
The Digital Simulation Language (DSL/360) is used ex-
clusively in the present study to simulate the three systems,
stable, unstable and stabilized.
A. MOTION ON A STRAIGHT LINE. LINEAR MODELS .:.'..,
In the case of motion on a straight line, the two linear
equations for Y- force and N-moment can be used to study and
compare the behaviors of the stable and unstable ships, and
can also be used to determine the necessary conditions for
the stabilization of the dynamically unstable ship.
In order to make the behavior of the dynamically unstable
ship approach that of the stable ship for the same excita-
tions the roots of the characteristic equation of the unstable
ship must be made to be the same as those of the stable ship.'
Because the two cross -coupled differential equations (24)
and (25) , which for convenience are rewritten below
(Yi-m*)v' + Y'v* + (Yl-m'x')r' + (Y'-m'u')r* + Y'6 = (24)v v v ^ r G v ro o v *
(Nl-m'x')v' + N'v' + (N'-I')r' + (N -m'x'u')r* + N^6= 0(25)v v G^ v K x z J ^ r Go 7 6 K J
include the first and second derivatives of ^(t) and not ^(t)
itself, the heading ^(t) cannot be used in the control sig-
nal. This is because using H'(t) a third root o_ is intro-
duced in the characteristic equation of the stabilized system.
Also because we have to change the positions of two roots,
two parameters are needed. So the signals which must be fed









In Appendix C the procedures necessary for the computa-










In Figure 3 the block diagrams for the stable, unstable
H
bh- a
and stabilized models are shown.
\












Figure 3. Block Diagrams of Models A, C and Stabilized C.
From Figure 3(a) and Figure 3(b) it is clear that a
distinction between rudder deflection and input command must
be taken into account. That is the deflection of the rudder
in the stable model is the input command to the system, while
the deflection of the rudder in the stabilized model is the
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result of the comparison of the input command and the fed
back signal.
B. SIMULATION OF THE LINEAR MODELS
In Appendix C the two differential equations (24) and
(25) have been written in the form
Av + Bv + Cr + Dr + Y6 = (44)
Ev + Fv + Gr + Hr + N5 = (45)
and the numerical values for the parameters are also listed.
Then the transfer function for the three models, stable A,
unstable C and stabilized C is found and is repeated here
for convenience:
pro = Ii*l = (As + B)N - (Es+F)YriSJ (s) " (Cs+D) (Es+F) - (As+B)(Gs+H) * l ^ DJ
In Appendix D a method for computer simulation of a trans-
fer function in the form of equation (46) is presented, which
gives the first derivative (r) of the output needed for the
stabilization of the unstable model, so allowing us to avoid
the use of the DSL DERIV block.
The parameters used in Appendix D were computed for both
^




























In Figure 4 the block diagram for models A and C is
shown. In Figure 5 the block diagram for the stabilized
model C is shown. In both block diagrams an integration of
the output r(t) is included in order to obtain ¥.
In the block diagram of Figure 5 there is a loop, indi-
cated with the dotted lines, containing no storage elements.
In other words there exists an algebraic loop (or implicit
loop) , and so simulation cannot be achieved unless a history
block is introduced. So a pole (p/s+p) with unity gain and
p very large (p = 1000) is introduced in the algebraic loop,
in order to provide the history block (REALPL) without af-
fecting the system dynamics. This is shown in Figure 7.
In order to use equations (40) and (41) to determine the
path followed by the ships, the velocity v(t) is computed
during the simulation from equation (44)
lM-
v(s ) = " SS r^ " AsTir 6 ^-
An attempt to use equation (45) to compute v(t) led to
failure of the simulation due to an OVERFLOW error. That
was because the individual blocks are unstable as having
poles in the right half plane; i.e. using equation (44)



























































In Figures 6 and 7 the block diagrams shown in Figures
4 and 5 are presented with a unity feedback path introduced.
This feedback path provides a comparison of the ship's head-
ing (angle ¥) with a course keeping input command, giving
an error signal for the necessary corrections. In other
words this feedback loop represents the "helmsman" who takes
an order to keep a certain course. The signal fedback is
added to the input (positive feedback) because according to
the sign convention adopted for the development of the equa-
tions of motion a positive rudder deflection produces a
negative angle ¥.
The rudder is assumed, to have no time lag, to turn with
a rate of two degrees per second, and to have a maximum de-
flection of thirty five degrees.







In Figure 8 the characteristic of the rudder operation
is shown.
Two kinds of tests were performed with the linear models
as follows.
1 . "Helmsman" Operation
The simulation of the two models A and stabilized C
with unity feedback is made with Computer Program No. 1
(Referred to Figure 6 and Figure 7). The same excitation at
the same time is applied to both systems, which in this case
is a step command, or in other words, an order to the "helmsman"



















































































Figure 8. Rudder Characteristic.
In Figure 9 the graph represents the deflections of
the two rudders vs. time. In Figure 10 the headings are
shown and in Figure 11 the trajectories of both ships.
From those plotted results the following can be
stated:
(a) The deflections of the rudder of the stabilized
model C are within the limits between which the rudder of
model A moves
.
(b) The rates of change of the deflections, 6(t)
are almost the same.
(c) The heading angles (¥) approach the given com-
mand in almost the same way and at the same time.










































































































2. Turning Maneuvers /v* '
The models developed in this study from the linear
equations of motion can only describe the motion of a ship
on a straight line and/or after a small perturbation has
been applied. Nevertheless with the Computer Program No. 2
(Referred to Figure 4 and Figure 5) the two models are
simulated, with the unity feedback loop disconnected, for
tight maneuvers in order to investigate if and how closely
the behavior of the stabilized model C approaches that of
the stable model A. Again the same input command is given
at the same time which in this case is a combination of
Ramp functions.
The results of the simulation are shown plotted in
Figure 12, Figure 13, and Figure 14 and can be stated as
follows
:
(a) The deflection of the rudder of the stabilized
model C exceeds the limit within which that of the stable
model A varies.
(b) The rate of change of the rudder's deflection
of the stabilized model C does not exceed the rate of change
of the input command.
(c) The heading angle (¥) and the trajectory of
the stabilized model approach those of the stable model.
C. GENERAL MOTION. NONLINEAR MODELS
The motion of a ship under tight maneuvers is governed
by the nonlinear equations of motion presented in section
















































































































The parameters (hydrodynamic derivatives) for equations
(38) and (39) are listed in Appendix B.







to those computed in Appendix C for the linear case, is
used again to deflect the rudder and stabilize the dynamically
unstable ship.
D. SIMULATION OF THE NONLINEAR MODELS ^"
Equations (35a), (36a), (38), (39), (39a), (40), (41),
(42) , and (43) are used directly for the simulation of the
nonlinear models, stable A, unstable C, and stabilized C.
For the simulation the following assumptions have been
made
:
(1) A nondimensionalized velocity u'(t') = 1 is used
during the whole simulation interval. That means that in
order to get the dimensionalized quantities from the computed
nondimensionalized we have to use the u-velocity with which
the ship is considered moving at that particular time.
(2) The Y-force and N-moment induced by the rotation
of the single propeller of the ship at v = 6 = , identi-
fied as Y' and N' are included.
o o
(3) The rudder has no time lag, a two degrees per second
rate of turn and a thirty five degrees maximum deflection.
Two kinds of tests were performed with the nonlinear
models as follows.
1 . Zig-Zag Maneuvers
The way the Zig-Zag maneuvers are performed is des-
'cribed in Appendix E. This test is used to study the behavior
of the stabilized model C as compared to the behavior of the
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unstable model C and stable model A. With the use of Com-
puter Programs No. 3 and No. 4, the three models were simu-
lated for the Zig-Zag maneuver performance. The results of
the simulation are shown in Figures 15, 16, 17, 18, 19, 20
and 21, and can be stated as follows:
(a) The maximum deflection of the rudder of the
stabilized model C exceeds the maximum value of the input
command.
(b) The rate of change of the rudder deflection of
the stabilized model C does not exceed the rate of change
of the input command, but the rudder stays in motion during
the whole interval of the test performance.
(c) The heading angle (¥) , the velocities r and v
and the trajectory of the stabilized model C differ from
the respective quantities of the unstable model C and ap-
proach to those of stable model A.
2. "560° Turn" Test
With the use of Computer Program No. 5, the "360°
turn" test was devised in an attempt to study the turning
characteristics of the combination unstable - stabilized
ship as compared to the turning characteristics of the
stable ship. The following assumptions and steps were made
and followed in devising this "360° turn" test:
(a) The simulation time units were taken to be the
nondimensionalized time units.
(b) From t' = to t 1 = 1 the two ships were moving
_with constant speed on a straight line. During that inter-
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Fig. 15. Rudder deflections and ship headings (4>)
vs time in the "Zig-Zag Maneuvers" test.




Fig. 16. Input commands and ship headings (^f) vs time





Fig. 17. Rudder deflections and ship headings C^) vs
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Pig. 18. Yawing rate and sway velocity vs time in the











i: sway velocity of A
2: yawing rate of A
3: sway velocity of C
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Pig. 19. Yawing rate and sway velocity vs time in the












































(c) At time t = 1 a command for a 20° rudder posi-
tion was given to both ships. The rate of change of rudder
deflection was taken to be 40° per nondimensionalized time
unit.
fd) Y 1 and N 1 assumed their numerical values atv J o o
the same time t' =1.
(e) The stabilizing feedback loop for the ship C
was held open from time t' = 1 until almost the end of the
turn.
(f) When ¥ = 344° was reached each rudder was
brought to 6 = and the unity feedback loop ("helmsman")
was connected and a course keeping command ¥ = 360° was
given. Furthermore at the same instant (when ¥ = 344°) the
stabilizing feedback loop was energized in ship C.
(g) At the same instant the parameters Y' and N'KbJ r oo
were put again equal to zero.
The results of this simulation are shown in Figure
22 and Figure 23.
In order to get actual numerical values for the
various parameters of the motion and be able to compare the
behaviors of the two ships the following should be taken
into account:
(a) U(t) is the speed of the ship, tangent to the
instantaneous path and is given by: U(t) = /v ( t
)
2 + u(t) 2 .
(b) U(t) before the beginning of the turn is equal
to the speed after the completion of the turn (and when
steady state conditions have been reached), both are equal
































(c) The speed of the ship during the turn is dif-
ferent than that in case (b) . This is due to the speed
reduction during the turn. This speed reduction is in-
versely proportional to the turn diameter, that is the
smaller the diameter of turn the higher the speed reduction.
In spite of the increasingly severe speed loss associated
with tighter turns, it has been shown (Ref. 2), that by de-
creasing the tactical diameter significant operational as-
pects of turning are improved.
(d) It is repeated here that the nondimensionalizing
speed is taken to be the u(t) velocity.
(e) In Reference 2 (Page 482) information for the
speed reduction of the model used in this study as a func-
tion of the turning diameter (expressed in ship's lengths)
is given.
(f) The assumed 40° per nondimensionalized time
unit does not correspond to the same rate of change of rud-
der deflection (2° per second), for both models, due to the
change in the nondimensionalizing velocity and the differ-
ence in speed between the two ships (different turn diameters)
However, this is not significant because we are not concerned
(at all) with the transient phase in this study.
From the graph shown in Figure 23 it is clear that
the turning characteristics of model C are better than those
of model A; that is, the turning diameter of model C is
smaller than that of model A. Subsequently model C has
-covered more distance in the original course than model A
has, in the same interval of time.
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V. SHIP RESPONSES WHEN A SINUSOIDAL WAVE IS PRESENT
In chapter IV the stabilization of the unstable ship was
studied and the models were tested. Because of the sta-
bilizing function of the rudder on model C, the rudder was
expected (and it was found) to stay deflected for larger
intervals of time than the rudder in model A, and also to
take sometimes larger deflections. That, of course, results
in the expense of more energy than is required for the stable
model under the same conditions.
The purpose of this chapter is to find a kind of relative
measure for the deflection of the rudder and then investigate
if and to what extent the introduction of a "Dead Zone" in
the system can improve the situation, eliminating unnecessary
deflections due to small amplitude excitations.
In order to accomplish this the stable model A and the
stabilized model C are considered trying to keep a motion on
a straight line under the effect of a sinusoidal excitation
on the system due to say the presence of waves.
A. MODELS FOR THE SINUSOIDAL EXCITATION
Because the two ships are considered moving on a straight
line the linear equations can be used to study their behavior.
Assuming that the excitation has only three components,
X -force, Y -force, and N -moment, the components of our in-
w ' w ' w ' r
terest remain again the Y and N
,
and equations (44) and (45)
w w
become





(Es + F)v(s) + (Gs+H)r(s) + N6(s) + Nfs) = 0. (48)
w
Equations (47) and (48) can be again combined (Appendix
C, Figure (C-l) and equations (C-8) and (C-9)) and give the
block diagram shown in Figure 24.
^ Es+F w *w
Figure 24. Block Diagram Representation of the Two Models A
and C in the Presence of Waves.
Because of the existence of unstable blocks (E > , F < ,
A < 0, B < 0) the two branches before the summing point in
Figure 24 are multiplied by Es+F/As+B and the branch right
after the summing point by As+B/Es+F. The resulting block
diagram is shown in Figure 25.
With this mathematical trick the block instabilities are
eliminated without affecting the system's dynamics. Inte-
grating r(t) and feeding back the ship's heading, *F, to com-
pare it with an input course command, the block diagram of
Figure 25 becomes as shown in Figure 26, where D(s), Q(s),
and G(s) represent the functions shown in the corresponding
blocks in Figure 25.
A kind of "Figure of Merit" for the rudder's function is





Figure 25. Block Diagram Representation of the Two Models A
and C (Figure 24 transformed)
Q(5)
I
Figure 26. Block Diagram Representation of Models A and C
with the Unity Feedback Loop.

Ithe curve representing the deflection of the rudder, squared,
vs. time is computed during each simulation, and that gives a
quantitative measure of the rudder's function. The higher
the deflection (positive or negative) and the longer the rud-
der remains at a certain position, the higher the "Figure of
Merit" will be.
B. SIMULATION
Substituting the numerical values of the parameters in
G(s) we have:
For model A G fsl = 39.1(s + 0.9134)t a i a u^sj
s 2 + 3. 4363s+l. 002
c , , n r f , 40.775(S + 0.8094)For model C G
c
(s) =
s2+2 . 6 24
"
s - 0.7373
Those two transfer functions can be modeled using the
technique developed in Appendix D where now:


















For the purposes of this study a pure sinusoid was as-
sumed for Q, i.e., Q = A sin(wt).
The spectrum of sea wave frequencies encountered in prac-
tice (all sea states) is (Ref. 4) 0.03 < f < 2 (cycles/sec).
Frequencies lower than 0.03 do not exist while frequencies
higher than 2 do not have any effect on the ship.
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For this study we choose one frequency within this range,
£ = 0.1. Then w nondimensionalized for L = 500 and U = 25
becomes:
w = 2irf = 2tt glj- = 12.41.
A suitable value for A was found, after trials, to be
o
A = 0.113. With the model developed in this section the
o r
cases shown in Figure 27 and Figure 28, were simulated as
follows
:
1. Models A and Stabilized C Without Dead Zone
With Computer Program No. 6 the behavior of models A
and stabilized C (rudder and hull) was studied. The results
are shown in Figures 29, 30, 21, and 32.
It is evident that:
(a) After the transient has died out the two ships
hold the same course.
(b) The error signals are almost the same for both
ships
.
(c) The rudder deflections of the stabilized ship
are too large as compared to those of model A and are higher
(maximum deflection 0.9 rad) than the assumed maximum de-
flection of 0.61 rad.
2 Models A and Stabilized C with Dead Zone M-C
Computer Program No. 7 was used to simulate the two
models with the Dead Zone introduced.
The results are shown in Figures 33, 34, 35, 36, and
37. In this case it is clear that:
(a) The path followed by the stabilized ship is







































































































































































































































































































































































































































































(b) The error signals are almost the same for both
ships
.
(c) There was no significant improvement in the
rudder's behavior of the stabilized ship.
From the results obtained in the last two simulations
it can be seen that the stabilized system cannot work in the
presence of waves, at least in the way the compensation was
designed, due to the continuous motion of the rudder and the
required high deflections (higher energy consumption and rud-
der design problems)
.
C. SUPPRESSION OF THE RUDDER OSCILLATIONS (/^1 f
J
In this and the following sections, ways to suppress the
rudder oscillations are studied.
As a first step to that direction the attenuation of the
a.c components of the feedback signal with the introduction
of a pole is considered. Using p/s+p the feedback gain
becomes
:
PCK-+K-S) s+K ? /K 1
H(s) = ±—
-
— = (K,p) i .v
' s+p 2^ s+p
Then the new characteristic equation of the system is
1 + P (s) H(s) - 1 + -1-3051( S ^1.506)(-1 0232-0 21s)p =
c
K J K




= n1 (s-0.256)s(s+2.88) ' U '
The root locus of this equation with parameter p is shown
in Figure 38. Parameter p is selected so that the system re-



















































ship and having reduced rudder motion. From Figure 38 the






= - 3.6 + j 0.816
a_ = - 3.6 - jO.816
was selected and the system was simulated with Computer Program
No. 6 modified to include the pole in the feedback loop. The
results are shown in Figures 39, 40, 41, and 42 and can be
stated as follows:
(1) The path of the stabilized ship approaches closely
the path of the stable ship and is almost identical to that
of the stabilized ship with velocity and acceleration feed-
back. This indicates that the behavior of the ship is dom-
inated by the root ff- = - 0.36307.
(2) The error signal is identical to that of the sta-
bilized ship with velocity and acceleration feedback.
(3) The amplitude of the rudder oscillation is reduced
considerably (almost to 50%)
.
D. INTRODUCTION OF FILTERS IN THE STABILIZING LOOP
Another interesting result comes out from the root locus,
Figure 38, and the response curves of the stabilized system.
Making p = K-./K- = 4.93, (and so the feedback gain becomes a
pure number) the roots of the characteristic equation do not
change appreciably and that assures the same behavior with
only velocity feedback.
Using p = 4.93 the simulation was repeated, and the re-
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The next step is to increase the attenuation of the a.c
components of the feedback signal with the introduction of
filters. The philosophy of this procedure can be stated as:
The only component of r(t) needed for the stabilization of
the system is the d.c. Introducing two branches, Figure 47,
in the feedback loop in such a way so that the one passes
only the a.c components and the other both a.c and d.c and
then subtracting the two outcoming signals the a.c component
is reduced. The ideal situation is to have the same gain and
the same phase shift over the entire range of encountered
frequencies in sea waves. Having the same gain in both paths
is obtainable, but having the same phase shift over a certain













Figure 47. Block Diagram of the Stabilizing Loop.
The transfer functions for the two paths are s/s+p and
s+z/s+p. Adjusting p , p and z we tried to have the two fil
ters matched in the vicinity of the chosen frequency in this
thesis. The magnitude and phase curves for both filters and
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for the selected parameters (p = 2.32, z = 0.76, p = 1.6)
are shown in Figure 48.
Parameter K, Figure 47, was introduced to the system in
order to provide the necessary gain for the stabilization
of the unstable ship.
The total feedback gain (Figure 47) is:
s + z s _
(z + P " P) s + ZP
H(s) = C-X)C_— - T-rY- ) = (-K) ( S ? p ) ( S ? p Q )
and the characteristic equation o£ the system becomes:
.. 1.3051K(s + 1.506) (0.03s + 1.2)
1 (s + 2.88)(s + 1.6)(s + 2.32)(s - 0.256) '
The root locus for this equation with varying parameter
K* = 1.3051 K is shown in Figure 49. Selecting K 1 = 2.6,
and so K = -1.992, the system was simulated using Computer
Program No. 6, modified to include the new stabilizing loop.
Results are shown in Figures 50, 51, and 52 and can be stated
as
:
(1) The stabilized ship behaves in a different way than
the stable dueing the transient phase. That is the stabilized
ship appears more oscillatory than the stable ship.
(2) In steady state the rudder behavior has been im-
proved significantly. The maximum deflection has been reduced
to 5% of that when the velocity and acceleration feedback were
used for stabilization.
The simulation was repeated for a different value of the
sinusoidal wave frequency in the design range. The results
are identical to those presented for w = 12.41 and are shown
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E. USE OF DEAD ZONE
The Dead Zone used in chapter IV of this study is used
again in the new stabilized model.
Using Computer Program No. 7 modified to include the new
stabilizing loop, the two systems are again simulated. From
the results presented in Figures 56, 57, and 58 it is seen
that the oscillation of the rudder is reduced almost to zero.
In Figure 59 the complete block diagram for the final
version of the stabilized model is shown. For simulation
purposes instead of using the block s/s+p (which is re-
alizable in real life) as shown in Figure 47, the pole 1/s+p
was introduced after r. That pole introduces also the
"storage function" required to take care of the existed im-
plicit loop, so the block p/s+p (with p = 1000) has been
removed.
Using the nonlinear models, ships A and C (stabilized
with the last designed compensation) were tested in the "Zig-
Zag Maneuvers" test, with and without the Dead Zone present.
The simulation was performed using Computer Program No. 4
modified to include the new compensation.
From the results, shown in Figures 60, 61, 62, 63, 64,
65, 66, and 67, it can be seen that
(1) there are no oscillations in the trajectory of the
stabilized ship as were observed during the transient phase
when the ship was tested in the presence of sinusoidal waves,
and
(2) the overall behavior of the stabilized ship is
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Figure 60. Input Commands and Ship Headings (V) vs. Time in
the "Zig-Zag Maneuvers" Test. (Models A and C
Stabilized, without the Dead Zone.)
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Figure 61. Input Commands and Ship Headings (f) vs. Time in
--
- the "Zig-Zag Maneuvers" Test. (Models A and C
Stabilized, with the Dead Zone.)
102

S-QO 16.00 20. CC
Figure 62. Rudder Deflection and Ship Headings (V) vs. Time
in the "Zig-Zag Maneuvers" Test. (Model C
-. . Stabilized, without the Dead Zone.)
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Figure 63. Rudder Deflections and Ship Headings (T) vs.
Time in the "Zig-Zag Maneuvers" Test. (Model
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Figure 64. Yawing Rate and Sway Velocity vs. Time in the
"Zig-Zag Maneuvers" Test. (Models A and C
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Figure 65. Yawing Rate and Sway Velocity vs. Time in the
"Zig-Zag Maneuvers" Test. (Models A and C
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Figure 66. Ship Trajectories in
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Figure 67. Ship Trajectories in
_. „
Test. (Models A and
Dead Zone.)
the "Zig-Zag Maneuvers"




Using velocity and acceleration feedback to activate
the rudder, it was found possible to make the dynamically
unstable ship behave in the same way the stable ship does.
Then it was clearly shown that the fast turning capability
of the unstable hull could still be achieved by disconnect-
ing the automatic control and using manual operation.
Both ships exhibit rudder motions in the presence of
waves, but those of the stable ship are minimized with the
use of a Dead Zone. The stabilized ship shows extensive
rudder motions and the use of a Dead Zone does not improve
the situation.
The insertion of filters in the stabilizing loop highly
reduces the rudder motions and makes possible the effective
use of the Dead Zone in the stabilized ship. Then it was
found that stabilized ship (with the filters and the Dead
Zone) behaves in a similar way the stable does.
Digital Simulation Language (DSL/360) was found to be a




Topics for possible future studies may be considered the
following:
(1) Rudder design requirements (in terms of expected
fatigue and additional required power) for a stabilized dy-
namically unstable ship.
(2) Optimum design of the a.c suppression filters (in





MODELS FOR STABLE AND UNSTABLE SHIP
The original model adopted from a five foot Series 60
model (with block coefficient 0.7 and no propeller) as
originally developed by the Davidson Laboratory.
PRINCIPAL CHARACTERISTICS OF PARENT MODEL
Length (L) 5.0 ft
Breadth (B) 0.714 ft
Draft (H) 0.267 ft
Block coefficient (CR ) 0.7
LCG from bow (x~) 5.15 ft
Displacement (D) 41.64 lbs
Area of rudder (A
R )
0.021 sq ft
Rudder span 0.2 ft
Rudder chord 0.105 ft
Mass (m) - 1.292 slugs
Mass coefficient (m') 0.2
Longitudinal added mass ceff. (IC-m') 0.004










Radius of gyration in air 0.25L
C.G. of lateral added mass from midship (x/L) 0.024
Drag coeff. at zero drift angle 0.019
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HYDRODYNAMIC DERIVATIVES FOR THE LINEAR ROTATIONS
In Reference 1 the parent model was modified to the
desired models. The hydrodynamic derivatives for the two
models A and C are listed below.














m f 0.2 0.2
x£ -0.015 -0.015
N 1 -0.03293 -0.03293
Y' 0.06585 0.06585
The roots of the characteristic equations were computed
and are listed below:






HYDRODYNAMIC DERIVATIVES FOR THE NONLINEAR EQUATIONS
The hydrodynamic derivatives for the nonlinear equations
used in Reference 1 were taken from Reference 2 and were the
same for both models, A and C. They are listed below in two
columns, column 1 and column 2, for the Y-force and N-moment
equations respectively.









































































































Column 1 Column 2
Y' = 0.0 N' = 0.0
o o
u . . u






EVALUATION OF THE FEEDBACK GAINS
The differential equations (24) and (25) can be written
in the following form:
Av + Bv + Cf + Dr + Y = (C-l)
Ev + Fv + Gr + Hr + N = (C-2)
where the coefficients were computed and are listed below,
for both models A and C.
Model A Model C
- 0.388 - 0.3868
- 0.3544 - 0.31306
0.007 0.0054
- 0.1226 - 0.1554
0.007 0.0054
- 0.0938 - 0.1266
- 0.0257 - 0.0246
- 0.0605 - 0.0405
- 0.03293 - 0.03293
0.06585 , 0.06585
Taking the Laplace Transforms of equations (C-l) and
(C-2), and rearranging terms we have:
(As+B)v(s) + (Cs+D)r(s) + Y6(s) = (C-3)
(Es+F)v(s) + (Gs + I!)r(s) + N6(s) = (C-4)
Eliminating one of the variables in equations (C-3) and
(C-4) an equation including the other variable and the forcing
115
A = Y.'-m 1
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function is obtained, and the new equation can give the trans
fer function of the system.
Solving equation (C-4) for v(s)
:




Solving equation (C-3) for sr(s)
sr(s) = i [(As + B)(-v(s)) - Dr(s) - Y5(s)]. (C-6)
Substituting equation (C-5) into equation (C-6) we get
sr(s) = 1 (As+B) (Gs+H) -D(Es+F) As + B
Es + F
r(s) + gf^f N-YS(s). (C-7)
A block diagram corresponding to equation (C-7) is shown






(s) " " ~ 1 D(Es + F)- (As + B) (Gs+H)'














From the block diagram in Figure (C-l) we also have
M*0 - (As+B)NEs + F - Y 6(5) (C-10)
Substituting (C-10) into equation (C-9) we obtain the
transfer function for both models, stable A and unstable C:
p fs l = UH- = CAs +B)N - (Es + F)Y .i lSJ 6(s) (Cs +D)(Es + F) - (As+B)(Gs+H) ' U A ' LJ lL iiJ
Substituting the numerical values for the parameters for




P ro = -1.24l2(s+1.449)rA lsJ (s+0. 32167) (s+3. 114564)
(C-12)
(C-13)
As it was expected one root in equation (C-12) is in the
right half plane. Also the minus sign in both equations
(C-12) and (C-13) was expected because according to the sign
convention with which the equations of motion were developed
a positive rudder deflection results in a negative output.
To take care of the instability of model C and to make,
the roots of the stabilized system to coincide with the roots
of the stable model A we apply a feedback compensation with
gain Q(s) = K, + K~s. The block diagram of the new system
is shown in Figure (C-2), where an integration block is added
after r(t) to give the heading angle.















V. (s) 1 + P
c
(s)Q(s)
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+ l.965K-2.624 1.965K.. +0 . 7373
Rr (s) = s
2





— The characteristic equation of model A is the denominator






+ 3.4363s + 1.002.
In order the roots of the two characteristic equations
to be the same, the two polynomials R~(s) and RA (s) must be
identically equal, which is obtained when the coefficients

















Solving the two simultaneous linear equations (C-14) and










A SIMULATION MODEL FOR A TRANSFER FUNCTION OF THE FORM
P(s) = K t s+J )L J
s 2 +Is+ N
In this section a technique for the Digital Computer
Simulation of a transfer function P(s) = r(s)/S(s), is pre-
sented, with which the derivative of the output is measur
able without the use of the DERIVATIVE (DSL/360) block.
Let
r(s) S(s)




From equation (D-l) wc can have:
- r(s) = K(s+J)W(s)





Taking the inverse Laplace transform in equations (D-2) and
(D-3) we obtain:
r(t) = K W(t) + JW(t) (D-4)
S(t) = W(t) + IW(t) + NW(t). (D-5)
Differentiating both sides of equation (D-4) and rearranging;
equation (D-5) we obtain
r(t) = K W(t) + JW(t)
W(t) = S(t) - IW(t) - NW(t) .
The last two differential equations can be represented





An important definitive maneuver for both commercial and
naval ships is the Zig-Zag maneuver. The results of this
maneuver are indicative of the ability of a ship's rudder to
control the ship.
The typical procedure for conducting the Zig-Zag maneuver
is as follows (Ref . 2)
:
(1) Deflect the rudder, at a maximum rate, to a prese-
lected position, say 20°, and hold until a change of heading
angle of 20° is reached.
(2) At this point, deflect the rudder at maximum rate
to an opposite angle of 20° and hold until the execute
change of heading angle on the opposite side is reached.
(3) Deflect the rudder at maximum rate to an angle of
20° in the first direction. This cycle can be repeated
through the third, fourth or more executes.
Figure E-l shows the relation between the rudder deflec-
tion (6) and the ship's heading (¥)
.
The rudder displacement can be modeled for the simula-




















d = rudder displacement rate (degrees/sec)
t- = time delay of rudder
t~ = time at 6 = 6
2 max
t, = time at 6 = -Y
t. = time at 6 = -6
max
t c = time at 6 - ?.
Figure E-l. Relations Between Rudder Deflection and Ship's
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